Abstract-This paper deals with the stability and positivity analysis of polynomial-fuzzy-model-based (PFMB) control systems with time delay, which is formed by a polynomial fuzzy model and a polynomial fuzzy controller connected in a closed loop, under imperfect premise matching. To improve the design and realization flexibility, the polynomial fuzzy model and the polynomial fuzzy controller are allowed to have their own set of premise membership functions. A sum-of-squares-based stability analysis approach using the Lyapunov stability theory is employed to investigate the positivity and stability of the PFMB control systems and synthesize the polynomial fuzzy controller. In order to relax the stability results, we propose two methods: first, membership functions are considered as symbolic variables in the stability analysis; and second, the property of the membership functions and the boundary information of the membership functions are considered in the stability analysis. A simulation example is given to illustrate the effectiveness of the proposed approach.
I. INTRODUCTION

I
N MANY biological and engineered systems, the dynamics is always affected by time delay. Some work [1] - [5] have shown that the time delay is the factor that causes the instability and poor performance in nonlinear systems. In the real world, there exists a particular type of practical system called positive systems whose states variables are confined to be positive (at least nonnegative) for any nonnegative initial condition [6] - [9] . For the stability issue of positive system with time delay, Chen et al. [10] and Benzaouia et al. [11] presented the stability conditions based on popular quadratic Lyapunov-Krasovskii functional (QLKF) [10] , [11] for both continuous and discretetime systems. However, the results are very conservative without considering the nature of positive systems. Given full consideration to the property of positive systems, more work applied the linear copositive Lyapunov function (LCLF) [12] - [14] instead of the QLKF [10] , [11] to investigate the stability analysis. The approach of LCLF needs to obey the following Lyapunov principles: The stability of a positive system can be guaranteed if there is a function V (t) that is positive definite and its derivativeV (t) is negative definite when the states are in the positive orthant. Compared with QLKF, LCLF considers the nature of positivity in the stability analysis. Additionally, the stability conditions obtained based on LCLF are not affected by the values of time delays [13] - [17] . This motivates us to adopt the LCLF to investigate the stability analysis of nonlinear systems, and the results obtained are less conservative. The Takagi-Sugeno (T-S) fuzzy model [5] , [18] - [20] provides an effective and systematic way to represent a nonlinear system. As an important concept of fuzzy-model-based (FMB) control, the T-S fuzzy model that connects with the T-S fuzzy controller is considered as the most classic FMB control. It has been shown that if a set of linear-matrix-inequalities (LMIs) can be solved, the FMB control system is asymptotically stable [21] . This approach has been applied widely in a variety of nonlinear systems. Hence, the T-S FMB control system has been applied in some works [12] - [14] for stability issues due to its efficiency and maturity. The work in [12] - [14] investigated the stability of continuous/discrete-time positive T-S fuzzy systems based on the LCLF. Whereas, the limitations among those papers are that they just considered the basic stability of closed-loop control systems, without the information from membership functions. Therefore, the conditions derived were very conservative.
The parallel-distribution-compensation (PDC) design concept that the fuzzy controller shares the same premise membership functions and the same number of rules as those of the T-S fuzzy model was proposed in [22] and [23] . The advantage of PDC is that the stability analysis is done using the characteristics of membership functions and thus the stability conditions obtained are more relaxed. However, it constrains the design flexibility of fuzzy controller. When the membership functions of the fuzzy model are complicated and/or the number of fuzzy rules is large, the cost of controller implementation will be increased. In order to alleviate this issue, the fuzzy model and the fuzzy controller do not need to share the same premise membership functions and/or number of rules was proposed in [24] - [28] . Compared with the PDC design, although it makes the stability analysis more difficult and leads to potentially conservative results, the design flexibility and robustness are improved. Inspired by these works, we investigate the stability of positive system with time delay under imperfect premise matching that the premise membership functions are not required to be the same for the fuzzy model and fuzzy controller. As pointed out in [24] - [28] , the information from membership functions plays a key role in the stability analysis under imperfect premise matching. To the best knowledge of the authors, this information is capable of approaching the stability analysis more easily and avoiding the potentially conservative stability analysis result. However, in order to avoid the difficulty caused by imperfect premise matching, most current work [12] - [15] , [29] applied PDC design concept to the positive systems with time delay.
Recently, some work [30] - [34] have extended the T-S fuzzy model to polynomial fuzzy model whose subsystems are represented by polynomial variables. Compared with T-S fuzzy model, the polynomial fuzzy model possesses the capability of describing a wider class of nonlinear systems, because subsystems are able to contain an enormous amount of information compared with those of T-S fuzzy model. However, LMI-based approach cannot investigate the stability analysis as the LMI solver cannot deal with polynomial terms. To deal with this issue, some work employed SOS-based approach to obtain the SOS-based stability conditions [24] , [25] to guarantee the stability of the polynomial fuzzy-model-based (PFMB) control systems. In order to relax the stability analysis results, the information or property from membership functions for stability analysis was employed in [25] - [27] . Lam and Tsai [24] , and Lam and Seneviratne [28] considered the membership functions as symbolic variables to the stability conditions. However, up till now, we can only find two literatures [16] , [17] studying the problems of the stability and positivity of PFMB control systems with time delay. The achievement in [16] obtained the basic open-loop stability conditions, which is relaxed by considering the information from the membership functions. Li et al. [17] extended the stability and positivity analysis from open-loop systems with time delay to the real PFMB control system with time delay. Li et al. [17] investigated the stability and positivity analysis of PFMB control system with time delay under imperfect premise matching. For the case of imperfect premise matching in [17] , Li et al. stated that the fuzzy model and the fuzzy controller do not need to share the same premise membership functions or number of rules. Then, in order to deal with the difficulty of stability analysis and achieve potentially less conservative results from the mismatched premise membership functions, the authors proposed approximated membership functions representing the original ones. Through considering the relationship between approximated membership functions and the original ones, the information of membership functions was brought into the stability conditions, and the stability conditions were relaxed.
In this paper, we propose another method to deal with the difficulty resulting from the mismatched premise membership functions to the stability/stabilization analysis and relax the stability conditions by considering the membership function as symbolic variables in the stability analysis. In order to obtain more relaxed stability conditions, the property and the boundary information of the membership function are considered and imposed on the stability analysis through some Positivstellensatz multipliers. To reduce the computational demand on finding a feasible solution, the number of symbolic variables is reduced through using the relationship of membership functions between polynomial fuzzy model and polynomial fuzzy controller, i.e., use the membership functions of polynomial fuzzy controller to represent those of the polynomial fuzzy model. However, it is required that the number of rules of the premise membership functions for both the polynomial fuzzy model and the polynomial fuzzy controller are the same.
In view of the issues mentioned above, the main contributions of this paper lies in the following aspects. First, we tend to investigate the stability and positivity of PFMB control system with time delay under imperfect premise matching. In this way, the membership functions for the polynomial fuzzy controller can be allowed to choose freely to improve its design flexibility. Second, inspired by Lam and Tsai [24] and Lam and Seneviratne [28] , we consider the membership functions as symbolic variables in the stability analysis, which makes the stability analysis easy and allows the feedback gains to be a function of membership functions to improve its feedback compensation capability. Furthermore, the property and the boundary information of membership functions are considered and imposed on the stability analysis through some Positivstellensatz multipliers, resulting in relaxed stability conditions, which are then verified by a simulation example.
II. NOTATIONS AND PRELIMINARIES
A. Notation
Throughout this paper, the following notations are adopted.
) is a polynomial if it can be expressed as a finite linear combination of monomials with real coefficients. p(x(t)) = m j =1 q j (x(t)) 2 indicates that the polynomial p(x(t)) is an SOS implying p(x(t)) ≥ 0, where q j (x(t)) is a polynomial and m is a nonzero positive integer. Z 0, Z 0, Z ≺ 0, and Z 0 mean that all the elements of the matrix Z are positive, semipositive, negative, and seminegative, respectively. A matrix A is called a Metzler matrix, if its off diagonal elements are all nonnegative [15] , [35] 
respectively. With the third-party MATLAB toolbox SOS-TOOLS, SOS programmes can be solved efficiently [36] .
B. Polynomial Fuzzy Models With Time Delay
The dynamical behavior of the nonlinear plant can be represented by polynomial fuzzy model. We define the ith rule of the polynomial fuzzy model with time delay for the nonlinear plant as follows:
where
. . , Ψ} is the fuzzy set in rule i corresponding to premise variable f l (x(t)), l = {1, 2, . . . , Ψ}; Ψ is a positive integer; φ(t) is the vector-valued initial function;
∈ n ×n , and B i (x(t)) ∈ n ×m are polynomial system, time delay, and input matrices, respectively; x(t) ∈ n and u(t) ∈ m are state vector and control input vector, respectively; τ l , l ∈ d = {1, 2, . . . , d} is the constant time delay, and p is the total number of rules of the polynomial fuzzy model. The system dynamics is described bẏ
≥ 0 is the normalized grade of membership that satisfies 
Definition 1 ([15]):
A system is said to be positive if the initial condition φ(·) 0 holds and the corresponding trajectory x(t) 0 for all t 0 is satisfied.
Lemma 1 ([15]):
A system with time delay is said to be controlled positive if the system and time delay matrices satisfy the conditions that A i0 (x(t)) is a Metzler matrix and A il (x(t − τ l )) 0 when u(t) = 0.
Assumption 1: Assuming that A il (x(t − τ l )) 0 is satisfied by the polynomial fuzzy model (3), otherwise, the system is not a positive system or cannot be controlled positive.
C. Polynomial Fuzzy Controller
A polynomial fuzzy controller is employed to control the nonlinear system represented by the polynomial fuzzy model (3) such that the closed-loop system is positive and stable. We define the jth rule of the polynomial fuzzy controller under imperfect premise matching as follows:
where N j l is the fuzzy set in rule j corresponding to the premise variable g l (x(t)), l ∈ {1, 2, . . . , Ω}, and Ω is a positive integer;
) is the grade of membership corresponding to the fuzzy term N i l . The polynomial fuzzy controller is described as follows:
Remark 1: Under the imperfect premise matching, the membership function m j (x(t)) of the polynomial fuzzy controller can be chosen m j (x(t)) = w j (x(t)) for any j ∈ p is allowed.
Remark 2: Under the imperfect premise matching, the polynomial fuzzy controller G j (x(t), m(x(t))) can be chosen as G j (x(t)), which is the function of x(t) to reduce the proposed polynomial fuzzy controller with traditional feedback gains.
Remark 3: The proposed polynomial feedback gains G j (x(t) and m(x(t))) are functions of both x(t) and m(x(t)). When using SOSTOOLS [36] , both x(t) and m(x(t)) are considered as symbolic variables so that the feedback gains will be automatically determined.
III. STABILITY ANALYSIS
In the following, for brevity, the time t associated with the variables is dropped for the situation without ambiguity, x(t) and u(t) are denoted as x and u, respectively. Furthermore, w(x(t)) and m(x(t)) are denoted as w and m, respectively.
A PFMB control system with time delay is formed by the polynomial fuzzy model (3) and polynomial fuzzy controller (5) as follows:
Lemma 2 ([15] , [37] ): The system (6) is controlled positive
A. Basic Stability Analysis
Subject to Assumption 1, we choose the following polynomial Lyapunov functional candidate to investigate the system stability of (6):
where a l rs (x(t − τ l )) and a il rs (x(t − τ l )) are the (r, s)th element of the matrices A l (x(t − τ l )) and A il (x(t − τ l )), respectively.
Remark 4: A system whose matrices are transposed is called dual system of another system. As the equivalence of stability between two systems under duality, some work [13] , [14] , [38] had investigated useful properties of positive systems that makes the stability analysis easier.
The dual system of (6) as follows can be used to investigate the stability:
Before we conduct the stability analysis, an assumption that the PFMB control system is positive needs to be satisfied. Specially, the positivity issue of the PFMB control system is discussed according to Lemma 2. To facilitate the stability analysis, the feedback gains are chosen as
m for j ∈ p are to be determined. Referring to Lemma 2, the positivity conditions for the PFMB control system are obtained in the following theorem.
Theorem 1: The PFMB control system (6) or dual system (8) with the initial condition φ(·) 0 can be controlled positive if there exist λ ∈ n and y j k (x, m) ∈ m for j ∈ p and k ∈ n such that the following SOS-based conditions are satisfied:
The SOS-based conditions in Theorem 1 are to make sure that the PFMB control system is positive. The condition (9) is to make sure that the matrix
is Metzler for all i and j, which can be achieved by satisfying a (10) is to make sure that all elements in the matrix A il (x(t − τ l )) is nonnegative, i.e., a il rs (x(t − τ l )) ≥ 0 for all i, l, r, and s.
In the following, we obtain the SOS-based stability conditions to guarantee the system stability and facilitate the control synthesis. From (7) and (8), we havė
It can be seen from (11) that based on the Lyapunov stability theory, V (t) > 0 andV (t) < 0 (excluding x(t) = 0) can guarantee stability of the dual system (8) . The stability conditions are summarized in the following theorem.
Theorem 2: The PFMB control system (6) is positive and asymptotically stable if there exist λ ∈ n and y j k (x) ∈ m for j ∈ p, k ∈ n such that Theorem 1 and the following SOS-based conditions are satisfied:
where ε 1 > 0 is a predefined scalar and ε 2 (x, m) > 0 is a predefined scalar polynomial; q ij k (x, m) is defined in (12); the feedback gains and the other variables are defined in Theorem 1. λ is a decision variable and obtained by the SOS approach by satisfying Theorems 1 and 2.
Remark 6: The PFMB control system (6) is guaranteed to be asymptotically stable and positive if the stability and positive conditions in Theorems 1 and 2 are satisfied as equivalence of stability between the PFMB control system with time delay (6) and its dual system (8) .
Remark 7: We can obtain the basic SOS-based stability conditions under imperfect premise matching provided by Theorems 1 and 2 to synthesize the polynomial fuzzy controller with the consideration of the positivity and stability of the PFMB control system with time delay. However, the stability conditions are conservative as information and properties of the membership functions w i and m j are not considered.
Remark 8:
In the development of the stability conditions, we need to ensure that the system states are positive, i.e., x k ≥ 0 for k ∈ n. When using convex programming software to find a feasible solution, in order to impose the constraint x k ≥ 0, the technique of variable transformation [17] is employed that simply turns x k to x 2 k in this paper. In the following, to relax the stability conditions, we consider the membership function as symbolic variables and carry the property of membership functions into stability conditions. From (11) , the stability of the system can be guaranteed by satisfying all elements of
The more number of symbolic variables we have, the more likely to cause SOSTOOLS reaching its limits easily, especially when higher degrees of monomials are employed in the SOS program. To reduce the computational demand for the solution search process, the number of symbolic variables can be reduced by applying the following two methods: considering the property of the membership functions m p = 1 − p−1 j =1 m i ; and getting rid of the symbolic variables w i , we consider the relationship between w i and m j as follows:
where s i is a constant scalar to be determined such that m) is an arbitrary polynomial vector.
From (11) and (15), we can obtain:
In the following, we propose a stability analysis approach to relax the basic SOS-based stability conditions by considering property of membership functions. To incorporate property of the membership functions, we have 
where M(x, m) ∈ n and T(x, m) ∈ n are arbitrary polynomial matrices, 0 H ij (x, m) ∈ n and 0 U ij (x, m) ∈ n are polynomial matrices. We define M(x, m)
T . From (16) to (20), we havė
Based on the Lyapunov stability theory and from (21), the stability conditions that can guarantee stability of the dual system (8) are summarized in the following theorem.
Theorem 3: The PFMB control system (6) is positive and asymptotically stable if there exist polynomial matri-
n , and T(x, m) ∈ n are arbitrary polynomial matrices H ij (x, m) ∈ n and U ij (x, m) ∈ n , such that Theorem 1 and the following SOS-based conditions are satisfied:
where ε 1 > 0 is a predefined scalar, ε 2 (x, m) > 0 and ε 3 (x, m) > 0 are predefined scalar polynomials; q ij k is defined in (12) ; the feedback gains and the other variables are defined in Theorem 1. λ is a decision variable and obtained by the SOS approach by satisfying Theorems 1 and 3. In order to impose the constraint x k ≥ 0, the technique of variable transformation is employed that simply turns x k to x 2 k , k ∈ n. In the following, in order to further relax the SOS-based stability conditions under imperfect premise matching obtained in Theorems 3, we consider the upper and lower boundaries of membership functions. In this way, the shape information of the membership functions is considered in the stability conditions, resulting in more relaxed results. Defining w i and w i as the upper and lower bounds of w i , respectively, the following inequalities hold:
where T . From (21) to (27) , we havė
Based on the Lyapunov stability theory and from (28), the PFMB control system (6) is positive subject to Theorem 1 and asymptotically stable under imperfect premise matching are summarized in the following theorem.
Theorem 4: The PFMB control system (6) is positive and asymptotically stable if there exist polynomial vectors λ ∈ n , y j k (x) ∈ m for j ∈ p, k ∈ n, arbitrary polynomial vectors.
∈ n , and V j (x, m) ∈ n such that Theorem 1 and the following SOS-based conditions are satisfied:
where ε 1 > 0 is a predefined scalar, ε 2 (x, m) > 0 and ε 3 (x, m) > 0 are predefined scalar polynomials; q ij k is defined in (12) ; the feedback gains and the other variables are defined in Theorem 1. λ is a decision variable and obtained by the SOS approach by satisfying Theorems 1 and 4.
Remark 9: In the above, we only provide the stability and positivity conditions where the system performance is not considered. Readers are referred to [39] for performance realization.
IV. SIMULATION EXAMPLE
In this section, a simulation example is given to demonstrate the effectiveness of the proposed SOS-based stability conditions. A polynomial fuzzy model with time delay is considered with the following system and input matrices under three fuzzy rules: Choosing ε 1 = ε 2 (x) = 0.0010, the stability conditions in Theorem 2 are applied to determine the stability regions, which is shown in Fig. 1 , where the stability region is indicated by "+" with y j k (x, m) of degrees 0-2 for (x 1 ), "×" is y j k (x, m) with degrees 0-2 for (x 1 , m 1 , m 3 ) .
The SOS-based stability conditions in Theorem 3 are employed to check the system positivity and stability. With the above settings, choose ε 1 = ε 2 (x, m) = ε 3 (x, m) = 0.0010, M(x, m) and T(x, m) as polynomials of degree of 0-2 in (x 1 , m 1 , m 3 ), H ij (x, m) , and U ij (x, m) as polynomials of (1, x 2 1 ). The stability regions are shown in Fig. 2 , where the stability region indicated by "+" is with y (x 1 , m 1 , m 3 ) .
The SOS-based stability conditions in Theorem 4 are employed to check the positivity and stability of PFMB control system with time delay. With the above settings, we have the upper bounds m 1 = m 3 = 1 and m 2 = 0.9091, the lower bounds m 1 = m 2 = m 3 = 0, and choose S j (x, m), D j (x, Z j (x, m), and V j (x, m) as polynomials of degree of 0-2 in (x 1 , m 1 , m 3 ) . The stability regions are shown in Fig. 2 , where the stability region indicated by " " is with y (x 1 , m 1 , m 3 ) .
For comparison purposes, keeping the same above settings in Fig. 2 but choosing H ij (x, m) and U ij (x, m) as polynomials (x 1 , m 1 , m 3 ) .
of degree of 0-2 in (x 1 , m 1 , m 3 ) . The stability regions given by Theorem 3 are shown in Fig. 3 , where the stability region is indicated by "+" with y (x 1 , m 1 , m 3 ) . The stability regions given by Theorem 4 are shown in Fig. 3 , where the stability region indicated by " " is with y (x 1 , m 1 , m 3 ) . As can be seen that from Figs. 1, 2, or 3 individually, the polynomial fuzzy controller considering more variables always offers a larger stability regions. Comparing stability regions in Fig. 1 obtained by the basic SOS-based stability conditions in Theorem 2 with the stability regions in Fig. 2 or 3 whose stability conditions all consider m 1 , m 2 , and m 3 as symbolic variables in the stability conditions, it can be seen that Theorem 3 or 4 offers larger stability regions that demonstrates the effectiveness of m 1 , m 2 , and m 3 being considered in the stability conditions. This is because symbolic variables are able to carry information of membership functions (i.e., positivity of the grades of membership) to the stability analysis and to facilitate the completing square process in the SOS-based analysis. Therefore, more relaxed stability conditions are obtained.
Comparing the stability regions in Fig. 2 or 3 individually, it can be seen that the stability regions obtained by Theorem 4 considering the upper and lower bounds of membership functions are larger than in Theorem 3 without considering these information, because the symbolic variables are only able to carry limited information of membership functions in Theorem 3. When the property of membership functions, i.e., the constraint on the sum of membership grades and the boundary information of membership grades, which gives an idea on the shape of membership functions, are considered in the stability analysis in Theorem 4, we can obtain more relaxed stability conditions as the stability analysis is carried out with richer information being considered.
Comparing the stability regions in Figs (x 1 , m 1 , m 3 ) ], it can be seen that the polynomial matrices of H ij (x, m) and U ij (x, m) with higher degrees of monomials are able to produce larger stability regions.
To verify the obtained stability and positivity regions we acquire, the simulation for the phase plots of the PFMB control As seen from Figs. 4 to 8, the obtained polynomial fuzzy controller designed is able to drive all system states always to be positive and the origin. Furthermore, the stability can be guaranteed regardless of the values of time delays. The reason is that the stability conditions we obtain from Theorems 2 to 4 are delay independent. But different values of time delay will affect the dynamic response.
V. CONCLUSION
The positivity and stability analysis of positive PFMB control systems with time delay, which is formed by a polynomial fuzzy model and a polynomial fuzzy controller connected in a closed loop, under imperfect premise matching, has been investigated using an SOS approach based on the Lyapunov stability theory. An improved SOS-based stability analysis approach has been proposed, which not only considers membership functions as symbolic variables in the stability analysis, but also considers the property of the membership functions and the boundary information of the membership functions in the stability analysis. A simulation example has been given to show the merits of the proposed method. Furthermore, in the future, the proposed method in this paper can be further relaxed by considering more system information such as the information of premise variables and so on. In the meantime, this method can be applied to design various kinds of fuzzy controllers such as output-feedback controller and observer-based fuzzy controller and so on aiming for different kinds of nonlinear systems.
APPENDIX
The feedback gains corresponding to a = −10; b = −61 (stability region indicated by "+") in Fig. 1 The feedback gains corresponding to a = −10; b = −63 (stability region indicated by "×") in Fig. 1 The feedback gains corresponding to a = −14; b = −61 (stability regions indicated by "×") in Fig. 2 are obtained as  G 1 (x 1 , m 1 , m 3 ) 
